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Abstract
In this paper an overall view of seisimic survey concerning historical ma-
sonry towers is presented. Various aspects are treated, as the interaction soil-
structure, i.e. the problem of the restraint at the base of the construction or the
slenderness. Subsequently an ideal FE model of the tower is created, consi-
dering average values of geometrical and mechanical parametrs. A pushover
analysis is performed, and its results are used to determine the structural vul-
nerability by means of the N2 method, based on a displacement approach.
Then a hypotesis of FRP reinforcement is considered, in order to value its
influence on structural behaviour and the effectiveness in terms of ductility.
Finally an alternative approach to nonlinear analysis is presented: by means
of the Sequentially Linear Analysis the load-displacement curve is evaluated
and the results are compared to a classic NLFEA.
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Introduction
Masonry tower represents a large percentage of the architectural heritage
in Italy. Recently there is a growing interest in the preservation of historical
buildings, in particular if located in earthquake sites. The aim is to provi-
de a seismic assesment of the structure, which implies several difficulties to
be overcome. In particular masonry towers show a wide variety of structu-
ral forms and materials, while in addition is difficult to perform an effective
survey because of the inability to use invasive test. Other problems to be ana-
lyzed are the interaction with the ground, the presence of adjacent buildings,
the influence of the material degradation. Moreover, the question of the mode-
ling of masonry arises, expecially concerning the description of the nonlinear
beahviour of the material. This aspect is closely linked to the definition of the
ductility of the structure, which is a fundamental parameter in the evaluation
of the seismic vulnerability. Referring to this subject, a hypothesis of reinfor-
cement can be considered, in order to define the increase of structural safety
against seismic action. In the present paper the topics listed above are treated,
with reference to an ideal masonry tower.
Case of study: ideal masonry tower
In order to analyze an overall sample of these structures, an ideal model
of isolated masonry tower is used. The construction is not physically existing
but presents common geometrical and mechanical characteristics, specified in
the subsequent table and figure.
Young Modulus (E) 2 GPa
Poisson ratio (ν) 0,25
Tensile strength (ft) 0,2 MPa
Compressive strength (fc) 2 MPa
Density (ρ) 1900kg/m3
The choice of the geometry derives from the consideration that most of
the masonry towers present a square or regular polygonal cross-section, with
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Figura 1: geometry of the ideal structure
variable thickness along the heigh. In this case of study, this parameter was
assumed to be constant. Referring to a masonry tower, an important aspect
is its slenderness, which is connected to the seismic vulnerability. The brittle
behaviour of these construction, in fact, depends on the structural scheme (to-
wers can be considered as vertical cantilever fixed at the base) and the slender-
ness itself, increasing with the heigh. Considering the characteristics defined
above, the Eulerian slenderness can be calculated:
λ =
lo
ρmin
(1)
where lo = βh is the product of the heigh of the tower (h) and the coeffi-
cient β, which depends on the effective restraint at the base. If we assume the
structure as fixed, β = 2. ρmin is given by:
ρmin =
√
Jmin
A
(2)
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where A and Jmin are the area and the moment of inertia of the section.
Considering the previous data, the value of the slenderness is equal to 24.89,
close to te expected result; in fact, λ is generally defined in a range of varia-
bility from 20 to 50 (Doglioni et al., 1994). Another important aspect is the
interaction with the ground. Many structures, in fact, show problems due to
the soil settlement or to the presence of not perfectly vertical walls. These con-
ditions act on a building already affected by the gravity loads, and increase
the vulnerability of the tower. Referring to the ideal model, the interaction
with the ground is considered by means of a rotational spring, which assumes
a value calculated via the Gazetas formula and the Viggiani formula, which
represent, respectivly, the upper and the lower bound. The result depends on
the width of the base of the tower and the characteristcs of the soil (G and ν).
According to the expression mentioned above and moving from a hypothesi-
zed value of the shear wave velocity equal to vs = 125m/s, we can determine
the rotational stiffness. For Gazetas:
Kα =
3, 6GB3
1− ν = 1.35 ∗ 10
6KNm (3)
while for Viggiani:
Kα =
EB3
Iα(1− ν2) = 1.97 ∗ 10
5KNm (4)
Furthermore, also the translational stiffness is calculated, in order to allow
vertical displacements of the base. The value, according to Viggiani, is:
Kw =
EB
Iw(1− ν2) = 34789
KN
m
(5)
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Finite Element model
After the previous comments, a FE model of the ideal tower is considered,
by means of the commercial software Straus7. The tower presents a series of
openings in two of the four vertical walls, while at the base a rotational and a
traslational spring are introduced, with stiffness values calculated above. The
springs are applied in correspondance of the central node, which is connected
by menas of a rigid link to the other nodes of the base. Furthermore, at the
corners translational springs in the two horizontal directions are considered,
with a huge value of stiffness, in order to avoid the lability of the system.
Figura 2: FE model: restraints at the base of the tower
At first preliminary analyses are performed: a linear static analysis con-
sidering only the dead loads and a natural frequency analysis. The first one
allows to evaluate the tensional stress at the base portion of the tower, due to
gravity loads. Via the sofware a value of compression equal to 0.6 MPa can
be found, that is more than half of the compressive strength of masonry.
The determination of the natural frequencies and the modal shapes is use-
ful to have an overall indication about the dinamic behaviour of the tower. The
subsequent table shows the values of the first six natural frequencies, while in
fig. 4 the modal shapes are represented. We can see that the 1st and the 2nd
modes are flexional, the 3rd torsional, the 4th and the 5th are flexional again,
the 6th is axial, while the 7th and the 8th are more complex.
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Figura 3: linear static analysis under dead loads
MODE 1 MODE 2 MODE 3 MODE 4
f1=1,26 Hz f2=1,27 Hz f3=4,93 Hz f4=6,08 Hz
MODE 5 MODE 6 MODE 7 MODE 8
f5=6,24 Hz f6=8,40 Hz f7=11,12 Hz f8=12,45 Hz
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Figura 4: first four modal shapes
Figura 5: 5th,6th,7th,8th modal shape
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Nonlinear analyses
In order to assess the response of the structure in case of seismic loads, a
non linear analysis is performed and the results are used to evaluate the struc-
tural safety of the tower, in terms of displacements. The model considers both
geometrical than mechanical nonlinearity. A pushover analyses is performed,
considering a Mohr-Coulomb criterion. The values of the friction angle and of
the coesion are:
• φ = 54, 9◦
• c = 0, 316MPa
obtained from:
c =
√
fwtfwc
2
(6)
sin(φ) =
fwc + fwt
fwc − fwt (7)
Two load distributions are considered: linear triangular and proportional
to the first mode in the current direction. In fact, the pushover analysis is
ripeated in the two horizontal directions, in order to point out the eventual
differencies due to the presence of the openings. The software allows to draw
the load factor-top displacement curve of the structure. It’s important to un-
derline that the mechanical nonlinearity is elastic-plastic, i.e. it is not possible
to introduce in the model a softening branch, which would better approximate
the post-peak beahaviour of the masonry. In fig. 5 the results of the nonlinear
analysis in terms of base shear - top displacement are shown. For which con-
cerns the structural response, there are no significant differencies between the
directions and the different force distributions.
The ultimate displacement is identified in correspondence of the loss of
convergence of the software, which means that the equilibium at the current
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Figura 6: pushover curves, total comparison
step is no longer satisfied, according to the tolerance values previously setted.
Considering the deformations at the same step, it’s possible to point out a
wide zone, located at the base of the tower, where the congruency is violated;
This implies that this value of load leads to the collapse of the structure.
Capacity design: N2 method Nonlinear analyses are useful as a strarting
point to evaluate the vulnerability of a structure. In particular, by means of the
N2 method it’s possible to verify the structure in terms of displcement, calcu-
lating the ratio between the seismic request and the capacity of the tower. The
method is based on the definition of the seismic behaviour of the equivalent
S.D.O.F. system: the curve obtained from the pushover is scaled via the modal
partecipation factor (Γ), where:
Γ =
∑N
i=1miφx,i∑N
i=1miφ
2
x,i
(8)
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Furthermore the seisimic action is considered by means of the spectrum in
the acceleration - displacements format (ADRS), once the site has been pre-
viously specified. The intersection between the bilinear capacity curve and
the spectrum, reduced via the coefficient Γ, indentifies the perfromance point
of the structure and consequently the seismic request, in terms of shift, for
the equivalent system. Then it’s possible to define the requested displecement
for the N.G.D.L. system, and compare it with the ultimate shift given by the
pushover curve. The results are presented in in graphical for both possible
directions of seismic excitation.
Figura 7: individuation of the performance point of the structure, X e Z directions
Numerically, the vulnerbility of the tower can be expressed as:
Vdsp =
∆d
∆c
(9)
The ratio between request (∆d) and capacity (∆c), is equal to 0.66 in X di-
rection and 0.67 in Z direction. There are no significant differencies in terms
of structural response between the two directions.
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Nonlinear analysis: effect of the variation of the mechanical parameters
The ideal model of the tower allows to point out the influency of the me-
chanical parameters, i.e., the compressive strenght or the Young modulus. In
particular, the pushover curve can be obtained considering different values of
fc and E. Two cases are reported: the first one presents the variation of both
parameters; in the other one different values for only compressive strenght are
considered, while the Elastic Modulus is fixed.
Figura 8: variation of the mechanical parameters: pushover curves
Referring to fig. 7 we can observe that the increasing compressive strenght
(fc) leads to higher values of base shear, but implies a decrease of the strcutural
ductility, as the comparison between the ultimate drifts shows.
Hypotesis of FRP reinforcement
The seismic approach based on displacements is linked to the ductility of
the structure. A hypotesis of FRP reinforcement, according to previous works
[1],[2] is considered, in order to evaluate its effectiveness in terms of structural
vulnerability. This type of reinforcement has been chosen because it does not
imply addictional loads to the tower and wide variations of the natural fre-
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quencies. The geometry, as in fig. 8, consists in vertical stripes located at the
corners of the section, with addictional X shaped stripes.
Figura 9: geometry of the reinforcement
The frequencies of the first eight modes are calculated by means of the soft-
ware, and subsequently compared to the results of the unreinforced structure:
MODE MODE 1 MODE 2 MODE 3 MODE 4
Frequency(unreinf.) f1=1,26 Hz f2=1,27 Hz f3=4,93 Hz f4=6,08 Hz
Frequency(reinf.) f1=1,29 Hz f2=1,30 Hz f3=4,99 Hz f4=6,26 Hz
MODE MODE 5 MODE 6 MODE 7 MODE 8
Frequency(unreinf.) f5=6,24 Hz f6=8,40 Hz f7=11,12Hz f8=12,45 Hz
Frequency(reinf.) f5=6,46 Hz f6=8,55 Hz f7=9,96 Hz f8=11,55 Hz
which differ from those of the tower without reinforcement of an amount
of about 3% (three percent) in the first six modes, thus confirming the assertion
that the intervention with FRP does not affect much the dynamic behavior of
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the building. It’s intersting to notice the larger difference for which concerns
the 7th and the 8th mode. The mechanical characteristics of CFRP are:
Young Modulus (E) 230 GPa
Tensile strength(ftk) 2500 MPa
Ultimate deformation in traction (u) 0,013
Density (ρ) 1800kg/m3
Equivalent thickness (s) 0,165 mm
When we create the FE model, the values of ultimate strenght and defor-
mation are reduced, according to the CNR indications, in order to consider the
possible debonding. Furthermore the material is assumed as orthotropic, and
its constitutive law (σ − ) is elastic.
E2 =
E1
13, 6
= 16912MPa (10)
G12 =
E1
19, 1
= 12042MPa (11)
The analysis is performed in the Z direction, considering a linear triangular
force distribution. The base shear - top displacement curve is obtained and the
results are compared to those of the unreinforced tower.
As shown in fig. 9 the reinforcement is an effective method to improve
the structural safety. In fact, observing the comparison with the unreinfor-
ced structure, an increase in terms of both ultimate shear and displacement is
noticed. Using the capcity curve, it’s possible to apply the N2 approach, to
determine the performance point of the structure and evaluate the vulnera-
bility, given by the ratio between seismic request and ultimate drift. Fig. 10
shows the results of the N2 method, while in fig. 11 the comparison in terms
of vulnerability is reported.
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Figura 10: pushover curves: comparison between reinforced (red) and unreinforced
(blue) tower
14
Figura 11: N2 method: reinforced tower
Figura 12: comparison in terms of vulnerability: reinforced and unreinforced
structure
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Observations about behaviour factor (q)
The nonlinear analyses allow to evaluate the q - factor of the tower, accor-
ding to the indications of the Eurocode 8. The text provide the following value
for unreinforced masonry towers:
q = q∗
αu
αi
(12)
where αu
αi
represents the overstrength factor, equal to the ratio between the
the load factor which defines the ultimate shear and the load factor which
defines the beginning of the plastic branch. The IBC, by means of theDirettiva
09− 02− 2011, suggests a range of values which is included between 2.8 and
3.6, depending on the structural regularity. Using the curves obtained via
Straus7, the values of q are:
Figura 13: determination of the overstrength factor
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Direction q
X 2.74
Z 2.65
Z(reinf) 3.14
The values are lower than the range defined above. The reinforcement,
as expected, improves the ductility of the tower and increases the q - factor.
These results show the effectiveness of this type of intervention.
An alternative approach to nonlinear analysis: Sequentially Linear Ana-
lysis
The Sequentially Linear Analysis is an alternative method to describe non-
linear behaviour associated to several materials. In particular it is possible to
define the post-peak response in the case of brittle or very brittle materials, like
glass or masonry, avoiding numerical problems strictly related to a classic NL-
FEA, which uses a Newton-Raphson scheme. Problems arise when the consti-
tutive relation (σ−) presents a softening branch; in this circumstance NLFEA
can be no more able to provide a stable solution, because of lack of conver-
gence or bifurcation of equilibrium. Sequentially Linear Analysis (Rots and
Invernizzi, 2004) overcomes the difficulties to capture the post-elastic behavo-
iur using an incremental procedure, instead of the iterative strategy adopted
by a NLFEA. The peculiarity is that the analysis remain linear, and in each
step strenght and stiffness are reduced according to a saw − tooth diagram,
which approximates the softening curve.
As the figures show, the procedure consists in the description of local da-
mage events, due to the reduction of the Young modulus (E). In each step the
reduction follows the subsequent equation:
Ei+1 =
Ei
ai
(13)
The reduction factor (ai) can be a constant or assume a variable value du-
ring every single analysis. If we consider a linear softening model, the area
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Figura 14: types of reduction
under the curve represents the fracture energy (Gf ) divided by the crack band-
width (h); this parameter depends on the mesh size of the adopted dicreti-
zation. Considering this linear curve, the ultimate strain can be calculated
as:
u =
2Gf
fth
(14)
Being D the tangent of the softening branch, in accordance with the saw-
tooth law, the reduced strenght can be expressed as:
f+ti = uEi
D
Ei +D
(15)
If we define two envelope curves, originated from themother curve via the
multiplier p, which represents a certain percentage of the tensile strenght ft,
the value of the tensile stress which is located in the lower bound is:
f−ti = fti − 2pft (16)
and the reduction factor:
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ai =
f+ti
f+ti − f−ti
(17)
The advantage of this approach is the capability to circumvent numerical
difficulties, especially in the case of brittle materials. S.L.A applied to glass
or masonry structures, in fact, enables to describe the post-peak behaviour.
For masonry structures, a possible application is the correct assesment of the
effective ductility, an important tool in the field of structural survey. Accor-
ding to the procedure explained above, four different meshes of the tower are
considered and the analysis is performed.
Figura 15: different meshes for the tower
The results are expressed in terms of load - displacement curve, tensio-
nal map and reduction map. The latter is the graphical representation of the
Gauss Points where the reduction occurred, thus giving an effective indication
about the cracked portion of the tower.
In fig. 15 and fig. 16 the results obtained via the Matlab code in Faesor [3]-
[4] that implements the S.L.A. are compared to those deducted from Straus7.
Considering the load - displacement curve, it’s possible to observe that the
nonlinear branch shows a different value of the ultimate displacement, due to
the loss of convergence of the commercial software (S.L.A. , otherwise circum-
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Figura 16: load dispplacement curves for different meshes and element types
vent these problems because it performs only linear analyses). The cracked
portion located at the base of the tower is correctly defined via the Sequen-
tially Linear Analysis, as we can see by means of the comparison with Straus
results. The main advantage is the correct definition of the nonlinear curve, in
order to provide an indication about strcutural ductility.
Conclusions
Seismic assessment of masonry tower is an intersting theme in enginee-
ring. In fact the ability to evaluate the vulnerability of these constructions is
important to preserve an important slice of the existing architectural herita-
ge. Seismic analyses, from modal analysis to pushover, allow to point out
the structural beahaviour. However the attention must be focused on the cor-
rect definition of the model, which is the main obstacle to be overcome. The
problem, in fact, is the definition of the mechanical parameters and of the
nonlinearities, in particular the softening branch of masonry. Only conside-
ring these aspects, it’s possible to define a correct value of structural ductility
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Figura 17: comparison of the results: SLA via Matlab code vs Straus7
and q - factor, that are fundamental results in a seismic survey. A innovati-
ve approach is the Sequentially Linear Analysis, because it proceeds by local
damage increments. This analysis is able to approximate the post-peack con-
stitutive law avoiding the numerical problems of a classic NLFEA. The aim
is to define the nonlinear behaviour of the tower, and in general of structu-
res consisting of brittle materials. The results, subsequently, can be used to
perform a verification about structural safety. The potentialities of N2 method
are here shown: it allows to indicate the performance point of the tower, accor-
ding to the spectra of the site, and to obtain indications about the vulnerability
in terms of displacements, overcoming the approach based on forces.
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